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CHARACTER VARIETIES OF FREE GROUPS ARE GORENSTEIN BUT NOT 

ALWAYS FACTORIAL 

SEAN LAWTON AND CHRISTOPHER MANON 


Abstract. Fix a rank g free group Fg and a connected reductive complex algebraic group G. Let 
X{Fg, G) be the G-character variety of Fg. When the derived subgroup DG < G is simply connected 
we show that X{Fg, G) is factorial (which implies it is Gorenstein), and provide examples to show that 
when DG is not simply connected X(Fg,G) need not even be locally factorial. Despite the general 
failure of factoriality of these moduli spaces, using different methods, we show that X{Fg, G) is always 
Gorenstein. 


1. Introduction 

Let r be a finitely generated group (generated by g elements), perhaps the lundamental group ol 
a manifold or orbifold M, and let G be a reductive affine algebraic group over an algebraically closed 
field Ik. Then the collection of group homomorphisms Hom(r, G) is naturally a k-variety cut out of 
the product variety G® via the relations defining T. Since G admits a faithful morphism into GL„(k), 
we call Hom(r, G) the G-representation variety of T. Standard in representation theory is that two 
representations are equivalent if they are conjugate. As we are interested in G-valued representations, 
we consider the conjugation action of G on the representation variety. The orbit space Hom(r,G)/G 
is generally not Hausdorff, but it is homotopic (see [FLR15, Proposition 3.4]) to the geometric points 
of the Geometric Invariant Theory (GIT) quotient A’(r, G) := Hom(r,G)/G; which as usual, is the 
spectrum of the ring of G-invariant elements in the coordinate ring k[Hom(r,G)]. 

The spaces A’(r,G), the G-character varieties ofT, constitute a large class of affine varieties (see 
[Rapl5]). More importantly, they are of central interest in the study of moduli spaces (see [AB83, 
Hit87, NS65, Sim94a, Sim94b]); finding applications in mathematical physics (see [KSOO, WitOl, HT03, 
KW07]), the study of geometric manifolds (see [G0I88]), and knot theory (see [CCG+94]). 

The purpose of this note is to prove that the singularities of a character variety X{Fg, G) are always 
well behaved, when G is reductive and Fg is a rank g free group. This is in stark contrast to the 
situation when T is not free; see [KM13]. In particular, we characterize when X{Fg,G) is factorial (in 
arbitrary characteristic) and show it is always Gorenstein (when k = C). This allows us to describe 
conditions when the Picard group of X{Fg, G) is trivial. 

In general, regular rings (smooth varieties) are local complete-intersection rings (varieties locally 
cut out by codimension relations) which are Gorenstein. All Gorenstein rings are Gohen-Macaulay, 
and assuming the singular locus lies in codimension at least 2, this further implies normality (which 
implies irreducibility). So Gorenstein varieties (coordinate rings are Gorenstein) are situated between 
complete-intersections and Gohen-Macaulay varieties. Factorial varieties (coordinate rings are unique 
factorization domains) fall slightly in between. When they are additionally normal, they have the 
property that all irreducible hypersurfaces (divisors) come from rational functions (principal divisors). 
A factorial Gohen-Macaulay variety is automatically Gorenstein (but not conversely). For G = SL„(C), 
we describe exactly when these properties hold for X{Fg, G); see Example 2.7. 

Here is the main theorem of the paper: 

Theorem 1.1. For any g 1 and any eonneeted complex reduetive algebraic group G, the space 
X[Fg,G) is Gorenstein. If the derived subgroup DG < G is simply connected, then X{Fg, G) is faetorial. 
If the derived subgroup DG < G is not simply connected, there are examples where X{Fg,G) is not 
factorial, nor locally factorial. 
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We prove the factoriality parts of the above theorem (in arbitrary characteristic) in Section 2. As 
an interesting corollary, we give conditions for the Picard group of the character variety to be trivial: 
Pic{X{Fg, G)) = 0 if DG is simply connected. The proof of the Gorenstein part of Theorem 1.1 makes 
up the rest of the paper. As the proof uses the representation theory of algebraic groups, in Section 3 
we review the relevant ideas and build up the machinery needed for the proof which is in Sections 4 
and 5. 

In the course of our proof of Theorem 1.1 we also obtain similar results for the configuration space 
Pn(G) of n points in the homogeneous variety G/U for U C G a, maximal unipotent subgroup; see 
Theorem 4.1, and Remark 5.4. These spaces play a central role in the study of saturation problems 
which arise from the theory of tensor product invariants in the representation theory of G, see e.g. 
Section 9 of [LKM08]. 

Acknowledgments. We thank both Brian Conrad and Vladimir Popov for giving references and com¬ 
ments concerning Lemma 2.1; this was extremely helpful. We also thank Neil Epstein for several useful 
discussions on factorial rings. Lawton was partially supported by grants from the Simons Foundation 
(Collaboration ^245642) and the National Science Foundation (DMS #1309376). Additionally, Law- 
ton acknowledges support by the National Science Foundation under Grant No. 0932078000 while in 
residence at the Mathematical Sciences Research Institute in Berkeley, California, during the Spring 
2015 semester. Finally, we thank an anonymous referee for helpful references. 

2. Factoriality 

Let A be a normal affine variety over an algebraically closed field Ik of arbitrary characteristic. Then 
[Har77, Proposition 6.2] shows that the coordinate ring k[A] is a unique factorization domain (UFD) 
if and only if the divisor class group C1(A) = 0. From [Eis95, Theorems 11.8 and 11.10], we see that 
the Picard group Pic(A) injects into C1(A), and this injection is an isomorphism if and only if X is 
locally factorial. 

In this generality, a connected semisimple algebraic group G is simply connected if it does not admit 
any non-trivial isogeny. The following lemma is implied by the work of Popov [Pop74], and is essential 
to the proof of Theorem 2.3 below. 

Lemma 2.1. Let G be an affine algebraic h-group, where k is an algebraically closed field of arbitrary 
characteristic. Let Ru be the unipotent radical of G. Then G is factorial if and only if G is connected 
and the derived subgroup [G/i?„, G/i?„] is simply eonneeted. 

Proof. Since G is smooth, it suffices to compute the Picard group of G. If G is not connected k[G] is 
not a domain, so we now assume G is connected. 

Now, the natural sequence 1 — >■ —>■ G —)■ G/i?„ —>■ 1 gives a sequence X(i?„) —>• Pic(G/i?„) —>■ 

Pic(G) —)■ Pic(i?„) —)■ 0 by [San81, Remark 6.11.3], where X(i?u) is the character group of the unipotent 
radical i?„. However, the character group X(i?u) is trivial since Ru is isomorphic to an affine space by 
[Gro58]. For the same reason Pic(i?„) = 0 by [Har77, Proposition 6.6]. Thus, Pic(G/i?u) = Pic(G), 
where G/i?„ is reductive (since its unipotent radical is trivial). Accordingly, we now assume G is 
reductive and consider the exact sequence 1 —>■ DG G ^ G/DG 1, where DG = [G, G] is the 
derived subgroup of G. 

By the Central Isogeny Theorem, G is isomorphic to DG Xp Z where Z is the radical of G (the 
center, a torus) and F = Z D DG acts by f{d,z) = {df,f~^z). Therefore, GfDG = Z/F. However, 
since G is a split reductive group (since k is separably closed), Z is a standard torus (k*)™ and therefore 
T := Z/F is isomorphic to a standard torus too since quotients of split tori are likewise split tori. 

Again by [San81, Remark 6.11.3] we have an exact sequence Pic(T) —)• Pic(G) —>■ Pic(ilG) —>■ 0. 
However, k[T] is a multivariable Laurent ring. As such it arises via repeated localizations starting from 
a polynomial ring. Therefore, T is factorial and C1(T) = Pic(T) = 0. We conclude that Pic(G) = 
Pic(GG). 

Putting these observations together with [Pop74, Proposition 1], we conclude that for any affine 
algebraic k-group, Pic(G) = 0 if and only if G is connected and the derived subgroup [G/Ru,G/Ru] is 
simply connected. More generally, from [Pop74, Corollary, Theorem 6] or [Ive76, Proposition 3.6], we 
have Pic(G) = 7ri([G/R„, G/R„]). □ 
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Remark 2.2. One must take care reducing to the semisimple case in Lemma 2.1. For example, letting 
G = GL„(C), if one considers the quotient by the full radical the semisimple group PGL„(C) is obtained, 
which is not simply connected although G is factorial. However, as expected given the above lemma, 
its derived subgroup DG = SL„(C) is simply connected. 

Theorem 2.3. Let G he a connected reductive affine algebraic h-group, where Ik is an algebraically 
closed field of arbitrary characteristic, and let Fg a rank g free group. Then X {Fg, G) is factorial if DG 
is simply connected. 

Proof. The character variety X{Fg,G) is the GIT quotient of Hom(F’g,G) = G® by the conjugation 
action of PG := GIZ{G). The character group Hom(PG,k*) is trivial since PG is semisimple, and 
so the ring of invariants k[G®]'^‘^ is a UFD by [Pop72] [Remark 3, Page 376], since G® is factorial by 
the previous Lemma 2.1. We note that to apply Lemma 2.1 observe that G® is a reductive group 
whose derived subgroup is GG®, and the latter is simply connected since DG is simply connected by 
assumption. □ 

In [KN97] the Picard group of the moduli space of semistable principal G-bundles over a closed 
surface of genus at least 2 is shown to be Z, when G is a simply connected simple complex algebraic 
group. They also show this moduli space is Gorenstein. The next two corollaries may be considered 
analogues to these results. 

Corollary 2.4. Let G be as in Theorem 2.3. Then Pic(A’(F’g, G)) = 0 if DG is simply connected. 

Proof. In Theorem 2.3, we see that the coordinate ring k[T(F'g, G)] is a UFD and thus its class group 
is trivial. However, Pic(A’(Fg, G)) injects into the class group, and so is likewise trivial. □ 

Corollary 2.5. Let G he as in Theorem 2.3. Then X{Fg,G) is Gorenstein if DG is simply connected. 

Proof. By a theorem of Murthy [Mur64], it suffices to show that the coordinate ring k[X{Fg,G)] is 
Gohen-Macaulay and a UFD. The former is a consequence of a theorem of Hochster and Roberts 
[HR74], and the latter was shown above in Theorem 2.3. □ 

Unfortunately, when DG is not simply connected, X{Fg,G) need not be even locally factorial over 
C, as the next example shows. Nevertheless, in the sequel we show that X{Fg,G) is Gorenstein in 
general (over C). 

Example 2.6. By [Sikl5, Corollary 6 ], the irreducible coordinate ring of T(F 2 , PSL 2 (C)) is isomorphic 
to C[x,y, z,w]/{xyz — w'^). Therefore, it is certainly not a UFD. However, this example shows that 
character varieties are not generally even locally factorial. A normal affine variety V is local factorial 
if and only if Pic(U) = C1(U), by [Eis95, Theorems 11.8 and 11.10]. However, ^”(^ 2 ,PSL 2 (C)) is 
normal since it is the GIT quotient of a smooth (and hence normal) variety by a reductive group. Since 
A’(F 2 ,PSL 2 (C)) is not factorial, we conclude that its class group is non-trivial; but its Picard group 
is trivial as we now explain. ^”(^ 2 , PSL 2 (C)) = A’(F 2 , SL 2 (C))/(Z/ 2 Z)^, and ^”(^ 2 , SL 2 (C)) = by 
results of Vogt [Vog89] . Since it is a finite quotient of an affine space, we conclude that its Picard group 
is trivial (see [Kan79]). Thus, A’(F' 2 ,PSL 2 (C)) is not locally factorial. Along similar lines. Example 7 
in [Sikl5] also shows that ^”(^ 2 , S 04 (C)) is not locally factorial. 

Example 2.7. Since X{Fg, SL„(C)) is the GIT quotient of a smooth variety by a reductive group, the 
coordinate ring C[A’(Fg, SL„(C))] is integrally closed, Gohen-Macaulay, and has rational singularities. 
By [FL12, Theorem 1.1] C[A’(Fg, SL„(C))] is regular if and only if {g,n) = (1, n), ( 5 ,1), or (2,2), and 
as mentioned in [EL12, Remark 4.6], [LBT90] implies that £\X{Fg, SL„(C))] is a complete intersection 
if and only if {g,n) = (1, n), (g, 1), (2,2), (2, 3), or (3,2). In these cases the isomorphism type of the 
rings is also known; see [EL12, Section 2.2]. We have now further established that C[A’(Fg, SL„(C))] 
has trivial Picard group, is a UED, and hence is Gorenstein. 

Conjecture 2.8. With the preceding examples in mind, we conjecture that X{Fg, G) is factorial if and 
only if DG is simply connected. 

Remark 2.9. We have established half of this conjecture here, and showed that Hom(Fg,G) is factorial 
if and only if DG is simply connected. It remains to prove that the GIT quotient of Hom(Fg, G) cannot 
be factorial since Hom(Fg, G) itself is not. 
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3. GORENSTEIN graded ALGEBRAS AND SEMIGROUP ALGEBRAS 

For the remainder of the paper we work over C. A Noetherian ring R is said to be Gorenstein if 
every localization Rm at a maximal ideal m G R has finite injective dimension as a module over itself: 
inja^^Rm) < oo (see [BH93, Definition 3.1.18]). Gorenstein algebras are also Cohen-Macaulay, and 
in all the cases we consider here, they can be characterized in the class of Cohen-Macaulay rings by 
the behavior of an associated object called the canonical module il{R). When i? is a homomorphic 
image of a polynomial ring 5” = C[a:i,... ,x„] (this is the case for all algebras we study in this paper), 
one can define the canonical module as (i?. S'). This module agrees with the module of 

top differential forms of R on the non-singular locus of Spec{R); the C—algebra R is then Gorenstein 
when ^1{R) is a principal module isomorphic to R (see [BH93, Theorem 3.3.7]). The module 0(i?) 
was introduced by Grothendieck to study duality theory for singular varieties, in particular when R is 
Gorenstein the Betti numbers of R as an S—module satisfy /3f (7?) = illustrative 

example of a Gorenstein algebra is S itself, where D(S) is generated by the top form dxi A ... A dxn- 
It is a recurring theme in commutative algebra that algebraic properties are often easier to establish 
for rings with gradings, this is also the case with the Gorenstein property. In the presence of a positive 
multigrading, a theorem of Stanley (see 3.1 below) establishes that the Gorenstein property is charac¬ 
terized by features of the Hilbert function, when the ring in question is a Cohen-Macaulay Noetherian 
domain. Normal affine semigroup algebras provide an extreme special case of multigraded algebras, in 
this case the Gorenstein property can be proved using the combinatorics of the associated semigroup. 
In this section we will recall these two results, and indicate how degeneration techniques allow us to use 
these powerful methods on more general classes of algebras which may not have a grading, in particular 
the coordinate rings of character varieties. 

3.1. Gorenstein graded algebras. Let R = multigraded Noetherian domain with 

C = Rq. Let Z[[t]] be the ring of formal power series in the monomials A € Z"g. Recall 

that the Hilbert series of R is the following element of Z[[t]]: 

(1) 77(7?,t) = ^ dim{R\)t^ 

With these hypotheses, the series 77(7?, t) is always the expansion of a rational function (see ]Sta96, 
Theorem 2.3]): 


( 2 ) 


77(7?,t) 


n(i-t“-) 


The weights ai appearing in the denominator of this function can be taken to be the multidegrees 
of a set of homogeneous generators of 7?. The following theorem of Stanley (see [Sta96, Theorem 12.7] 
and ]Sta78, Theorem 6.1]) gives a characterization of the Gorenstein property in terms of 77(7?, t). 


Theorem 3.1 (Stanley). Let R be a -multigraded Cohen-Macaulay Noetherian domain, then 7? is 
Gorenstein if and only if the following holds for some to S Z".' 


(3) 77(7?, fi) = (-l)'^r 77(7?, t). 

Furthermore, the weight oj is the multidegree of the generator of the uniquemultigraded canonical 
module of R. 

A matrix 6 G GL„(Z) acts on Z[]t]] by permuting the monomials t“, this action is compatible with 
rational expansions. Let A C GL„(Z) by a finite group of such matrices which fix the Hilbert function 
77(7?,t). Suppose 7? has a homogeneous generating set of degrees A = {ai,... ,ak}, then letting 
AoA = {a = 6oai\ai G A,S G A}, any homogeneous basis of 0«gAoA likewise generates 7?. As this 
set is still finite, it follows that we may choose a rational expression for 77(7?, t) with denominator fixed 
by the action of A. The rational expressions for 77(7?, t) and 77(7?, t“^) are therefore left unchanged 
by the action of any 6 G A. The following proposition is a consequence of this observation. 
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Proposition 3.2. Let R be a TL^Q-graded Gorenstein Noetherian domain, and let A be a finite group 
of h—linear automorphisms which fix H[R, t), then the multidegree lo of the generator of the canonical 
module of R is preserved by each S G A. 

3.2. Gorenstein semigroup algebras. Let L C IR" be a lattice, and let V C K" be an integral 
polyhedral cone. Recall that this means that V is obtained as a set of solutions to a finite collection of 
L-integral linear inequalities: {v,ai) ^ 0, Oi G L. The set P = V D L is naturally a semigroup under 
addition with identity 0, we let C[P] be the associated semigroup algebra. The semigroup P is said to 
be positive if 0 is the only invertible element. For any facet F C P, let Pp C P he the points not in 
F. The vector space C[Pf] is a prime ideal in C[P], likewise the set of points int{P) = GipPp spans an 
ideal C[int{P)] C C[P]. For the following see [BH93, Theorem 6.35]. 

Theorem 3.3. The algebra C[P] is a Cohen-Macaulay ring, and it has a canonical module isomorphic 
to the ideal C[int{P)]. Furthermore, if P is positive, C[int{P)] provides the unique P—grading on the 
canonical module o/C[P]. 

It follows that C[P] is Gorenstein if and only if C[int{P)] is a principal module, indeed the following 
is Corollary 6.3.8 in [BH93]. 

Proposition 3.4. The affine semigroup algebra C[P] is Gorenstein if and only if there is aw G int{P) 
such that any x G int{P) can be expressed as x = y -\-w for some y G P. 

Example 3.5. If we take P to be the non-negative orthant ]R"g C K”, then C[P] is isomorphic to 
the polynomial ring S = C[a;i,... ,Xn\. The multiweight of the generator dxi A ... A dxn of Ll{S) is 
(1,..., 1), and indeed this weight generates int{P). 

Corollary 3.6. Let P C K" he an integral polyhedral cone with respect to a lattice L C K”, and let 
L d L' be an inclusion of lattices. Then if C[P H L'] is Gorenstein and the generator w G int{P H L') 
is in L, then C[P H L\ is Gorenstein. 

3.3. Deforming the Gorenstein property. In what follows a fiat degeneration of a variety X over an 
algebraically closed field C to a variety A'(A) is taken to mean a scheme E with a fiat map tt : E —>■ A^, 
such that 7 r“^( 0 ) = ^(A) and 7 r“^(G) = A for G 7 ^ 0. When the special fiber A(A) of this family is 
a normal toric variety, we say that tt : P —>■ C defines a toric degeneration of X. We show that the 
Gorenstein property behaves well with respect to fiat degenerations. We take A to be a commutative 
Noetherian domain over a field C, and we fix an increasing algebra filtration P of A by C-vector 
spaces with Pq = C: 


(4) 41= U E,^. 

This filtration defines two related algebras, the Rees algebra: 


( 5 ) 

and the associated graded algebra: 


Rf{A) — P^, 


( 6 ) grpiA) = 0 Fm/Fm-l- 

mGZ^o 

Let t S Pi be the copy of the identity of 1 of filtration level 1. For any filtration space P^ C A, the 
subspace tFm C Pm+i is the copy of Pm inside Pm+i, this defines a C[t]-algebra structure on Rp{A). 
Furthermore, since t is non-invertible and a non-zerodivisor, Rp{A) is a faithfully fiat C[t]-module. Let 
E = Spec{Rp{A)), then P is a flat family of afiine schemes over the affine line. We have the following 
exact sequence of Rp{A) modules: 


> 0 . 


0 


■> tRpi^A) 


■> Rp{A) 


■> grpiA) 
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In particular, the fiber Eq over 0 is Spec{grp{A)). Identifying t with I results in the union 
UmGZ>o^m = SO we identify Ei (indeed Ec for any C ^ 0) with Spec{A). In this way, F de¬ 
fines a flat degeneration of A to the algebra grp{A). All the degenerations we use in this paper are of 
this form. 

Proposition 3.7. If grp (A) is Gorenstein then A and Rp{A) are Gorenstein as well. 

Proof. We use Corollary 3.3.15 of [BH93]: if / : {R, m) —)■ (S', n) is a flat, local map of Noetherian local 
rings, and if R and S/mS are Gorenstein, then S is Gorenstein as well. For {R,m) we take (C[t]t,t) 
and for (S, n) we take {Rp{A)m,M), where M = A graded algebra such as Rp{A) with 

Fq = C is Gorenstein if and only if its localization at its maximal graded ideal is Gorenstein (see e.g. 
[BH93, Exercise 3.6.20]), so grp{A) Gorenstein implies that the localization grp{A) (S>Rp{a) Rf{A)m 
is Gorenstein. By the above exact sequence, this is Rp{A)m/ t. This proves that Rp{A) is Gorenstein, 
and implies that Rp{A)/{t — C) is Gorenstein for any C S C, since these algebras are all quotients of 
Rp{A) by an irreducible element. In particular, A = Rp(A)/(t — 1) must also be Gorenstein. □ 

4. The space P 3 ( G ) 

The proof of Theorem 1.1 depends on establishing the Gorenstein property for the configuration 
space PsiG) (or rather a degeneration of this space). We start by showing this property holds when G 
is semisimple and simply connected, and then we use combinatorial methods to extend the result to all 
reductive G. 

For G a connected reductive group and U C G a maximal unipotent subgroup, Pn(G) is constructed 
as the following GIT quotient: 

(7) Pn{G) = G\\[G/17]”. 

The variety G/U is the spectrum of the total coordinate ring of the flag variety G/B, for B the 
Borel subgroup which contains U. The maximal torus T normalizes U, so there is a residual T-action 
on the right hand side of G/U, and the isotypical components of the coordinate ring C[G/C/] with 
respect to this action are precisely the irreducible representations of G. In particular the support of the 
corresponding multigrading of this decomposition is the set of dominant weights in the Weyl chamber 
A, see [PV72, Section 2]: 

(8) C[G/[/] = 0F(A). 

AgA 

The T-actions on the components G/U in the definition of Pn{G) endow this space with a rational 
T"-action, the isotypical components of this action are the n—fold tensor product invariant spaces of 
G : 

(9) C[P„(G)] = 0 [F(Ai)(g)...(g)F(A„)]°. 

AgA" 

The support of the A^-multigrading of C[P„(G)] is an affine semigroup T„(G) C A". A tuple A is in 
T„(G) if and only if there is G—invariant vector in the tensor product F(Ai) G ... G F(A„); note that 
this is also the support of the multigraded Hilbert function Hpn(P^[G),t). We let %iiG) be the convex 
hull of T„(G). 

4.1. The semisimple and simply connected case. We begin with a proof that Pn{G) is Gorenstein 
when G is semisimple and simply connected. We distinguish the lemma from the general result as it is 
a consequence of more general techniques from invariant theory. 

Lemma 4.1. Let G be semisimple and simply connected, then P„(G) is factorial and Gorenstein. 

Proof. We show that C[P„(G)] is factorial and Gohen-Macaulay, then the lemma follows from the result 
of Murthy, [Mur64]. The algebra C[P„(G)] is obtained as the invariant subring of C[G"] with respect 
to an action by G x t/", and we may exchange the order by which we take invariants. The invariants 
in C[G"] by the left action of G give the coordinate ring of G"“^, which is factorial by Lemma 2.1. By 
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[PV94, Theorem 3.17], factoriality is preserved by passing to unipotent invariants, since C/" is connected 
with no non-trivial characters. The Cohen-Macaulay property can be handled in a similar manner, as 
is smooth, and taking unipotent invariants introduces at worst rational singularities by [Pop86, 
Theorem 6] (see also [Manl5, Theorem 1.3]). 

□ 

When G is semisimple its Weyl chamber A is a simplicial cone, this means that it can be identified 
with a positive orthant in a real vector space. As a consequence 73 (G) and 73 (G) are subsets of 
a positive orthant, and the multigraded Hilbert function Hx3{P3{G),t) satisfies the assumptions in 
Theorem 3.1. 

4.2. Toric degeneration of P 3 (G). Now we discuss the toric degenerations of 73 (G) constructed in 
[Manl5] in more detail. If G is connected and reductive, then for each choice i S R{wq) of a reduced 
decomposition of the longest element of the Weyl group W oi G there is a flat degeneration of 73 (G) to 
a normal toric variety A(G 3 q(G)). These degenerations are all equivariant with respect to the action 
of on PsiG), so it follows that there is a surjective map of polyhedral cones: 

(10) ^3:C3,i(G)^r3(G). 

The map 713 restricts to a surjective map of affine semigroups 713 : G 34 (G) —>■ 73 (G). As the toric 
degenerations constructed in [Manl5] are T^-equivariant, they must preserve the multigraded Hilbert 
function of PaiG): 


(11) i7r3(C[G3.i(G)],t) = i7r3(C[P3(G)],t). 

Lemma 4.2. Let G be semisimple and simply connected, then there is a point a; 3 q(G) S G 3 ^i{G) 
such that int(C^^i{G)) = 013,1 (G) + G 3 ,i(G), in particular C[G 3 ,i(G)] is Gorenstein. Furthermore, for 
(Ai, A 2 , A 3 ) = 7 r 3 (w 3 ,i(G)) € T 3 (G), we must have Ai = A 2 = A 3 = Xq with X*q = Xq. 

Proof. By the Theorem 3.1 C[G 3 ,i(G)] must be Gorenstein. It follows that o> 3 (G) must exist with the 
property mt(G 3 ,i(G)) = a; 3 ,i(G) + G 3 ,i(G), and by Proposition 3.2, 7 r 3 (a; 3 ,i(G)) S 73 (G) is preserved by 
any finite group of Z-linear symmetries of HT3{P3{G),t). 

Triple tensor product multiplicities are invariant with respect to permutation of the weights Ai, A 2 , A 3 , 
this is because tensor product of representations is a commutative operation. Consequently, the three 
weights (Ai,A 2 ,A 3 ) = 773 ( 073 ,i(G)) must all coincide: Ai = A 2 = A 3 = Xq- Moreover, the space of 
invariants in the tensor product H(A) 0 IA(? 7 ) 0 G(^) is dual to the space of invariants in H(A*) O 
Vir,*)(^Vi^r*), so XG = X*a. □ 

Example 4.3. When G = SLm(C) and a particular choice of reduced word i, the semigroup G 3 ,i(G) is 
the cone of so-called Berenstein-Zelevinsky triangles BZm- A point x G BZm is defined by a triangular 
array of integers as in Figure 1. The entries of x G BZm must all be non-negative integers, and any 
two pairs a, b; A, B of integers on opposite sides of a hexagon in the array must have the same sum: 
a + b — A + B. The generator ojbz,,, is depicted on the right hand side of Figure 1, it is the triangle 
with all entries equal to 1. Each assignment of numbers is dual to a weighted graph supported on the 
vertices of the triangle, see Figure 1. 

To compute the map 773 : BZm T3(SLm(C)) we choose a clockwise orientation on the diagram. 
For X e BZm, let (oi,..., a2m-2), (bi, ■ ■ ■, &2m-2), (ci,..., C2m-2) be the entries along the three edges 
of the diagram, ordered by the chosen orientation. The three weights 7 r 3 (x) G T3(SLm(C)) are then 
[(ai + 02, . . . , 02^-3 + a2m-2), (&1 -f &2, ■ ■ ■ , ^2m-3 + &2m-2), (ci -|- C2, . . . , C2m-3 + C2m-2)]- Following 
this recipe, 7 r 3 (a; 3 (SL™(C))) = [( 2 ,..., 2 ), ( 2 ,..., 2 ), ( 2 ,..., 2 )]. 

Recall that any connected reductive group G is a finite quotient G = [G®® x Z]IK, where Z is a 
torus, G®® is semisimple and simply connected, and K C Z{G^^) x Z. 

Lemma 4.4. Let G be reductive, with G = [G®® x Z]/77 as above, and let X G A be in the root lattice 
77(G®®). Then (A,0) is a dominant weight of G. 
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Figure 1. Berenstein-Zelevinksy triangles (right) with graphical representations 
(left). The element W 3 (SL 5 (C)) is represented in the bottom row. 

Proof. The weight (A, 0) defines a character on K C Z{G‘‘^) x Z. The Z component of (A, 0) is 0, so it 
follows that this character lifts to a character on the image of K in Z'(G'®®). As A is in the root lattice, 
it must define a trivial character on Z{G^‘‘), and therefore K. □ 

Tensor product invariants of G can be described using the tensor product invariants of G®® and 
Z. The tensor product invariant space (F(Ai,pi) 0 V{X2,P2) 0 is isomorphic to (F(Ai) 0 

V (A 2 ) 0 V (Aa))*^ , and we must have pi + p 2 + Pa = 0 as a character of Z. 

A choice of reduced word decomposition i for G imposes a choice for G®®. Accordingly, following 
[AdanlS], we can describe the polyhedral cone C 3 ^i{G) as the product of C 34 (G®®) with the cone T^iZ) = 
{{Pii P 2 , Ps) I Pi S X{Z), Pi + P 2 + P 3 = 0}. The affine semigroup G 34 (G) is then the subsemigroup of 
the product G 3 j(G®®) with T 3 {Z) picked out by the sublattice defined by requiring Ai + pi to be the 0 
character on K. 

Theorem 4.5. For any reductive group G, the affine semigroup algebra C[G 3 _i(G)] and the algebra 
C[P 3 (G)] are Gorenstein. 

Proof. We pass to G®®, for G = [G®® x Z\IK. The affine semigroup algebra C[G 3 _i(G®®)] is Gorenstein by 
Lemma 4.1 and Theorem 3.1, therefore so is the algebra of Laurent polynomials C[G 34 (G®®) x r 3 (^)] = 
C[G 34 (G®®)] 0 c C[T 3 (Z)]. As C[G 3 j(G)] is obtained from C[G 3 _i(G®®) x T 3 {Z)] by intersecting the 
semigroup G 34 (G®®) x T 3 {Z) with the sublattice described above, to prove the theorem it suffices to 
show that (Agss , 0) is a dominant weight of G. By Lemma 4.4 this follows if is in the root lattice of 
G®®. Since V{Xg‘s)®^ contains an invariant, and Ag=« is self-dual, we must have that Xqss+Xg^^—Xqss = 
Xg== is a member of the root lattice. □ 

5. Free group character varieties are Gorenstein 

In Section 4 we showed that the configuration spaces PsiG) are Gorenstein when G is connected 
and reductive using degeneration methods and the combinatorics of affine semigroups; now we use the 
same methods on X{Fg, G). In [Manl5] it is shown that one can construct a degeneration of X{Fg, G) 
to a normal affine toric variety X(Gr,i(G)) which depends on a choice of the following data: 

(1) A trivalent graph F with no leaves and /3i(r) = g, 

(2) An assignment i : F(r) —>• R{wo) of reduced word decompositions of Wq to the vertices of F. 























CHARACTER VARIETIES ARE GORENSTEIN 


9 


The information (T, i) is used to define a convex polyhedral cone Cr,i(G') with affine semigroup C'r,i(G'). 
By Proposition 3.7, we can prove that X{Fg, G) is Gorenstein provided we can establish that X(C'r,i(G)) 
is Gorenstein. Happily, the cone Cr,i(G) and the semigroup Gr,i(G) are constructed from the cones 
C 3 ,i(v){G) and semigroups G 3 _i(^)(G), v G H(r), which are Gorenstein by Theorem 4.5. 

Fix a trivalent graph T as above, and consider the forest T obtained by splitting each edge e G E{r) 
into two edges. This procedure results in |P(r)| connected components, each a trinode r„ for u G H(r). 
We let e{v, 1), e{v, 2), e{v, 3) be the three edges of the trinode r„, and we let 41 : T —>• T be the graph 
map which sends two edges e{v,i),G(w,j) to the same edge e G G(r) whenever e{v,i) and e{w,j) are 
obtained from e in the construction of T. 



Figure 2. A trivalent graph F (right), with the associated forest f (left). 

For each i; G P(F) we label the components of the projection map 713 : C 3 _i(„)(G) —>■ 73 (G) so that 
the image of a point x G C 34 („)(G) is a triple iTTe{v,i){x),TTe{v,e){x),7r^t^y^3){x)) G 7 ) 3 (G). 

Definition 5.1. The cone Cr,i(G) is the suhcone o/n„gv(r) tl 3 ,i(i,)(G) defined by the equations = 

TTmjix)* whenever'^{e{v,i)) = "^{e{w,j))- The semigroup Gr,i(G) is likewise the intersection Cr,i{G)r] 
n,;GV(r) C' 3 ,i(„)(G). 

Recall the interior point 0734 (G) G Gr 4 (G), the next lemma shows that an analogous interior point 
exists in Gr,i(G). 

Lemma 5.2. The point u;r.i(G) = n«ev(r)C'r 4 (G) C Cr,i(G) 

Proof. Stated in the notation above, the dominant weights '^e{v,i){‘-^ 3 ,i{v}iG)) are all the same dominant 
weight A(G), irrespective of the choice of vertex v or the decomposition i(f). Furthermore, A(G) is 
self-dual. □ 

Corollary 5.3. Every interior point x G int{Cr,i{G)) can be written y-\-uir.i{G) for some y G Gr,i(G). 

Proof. As mt(Cr,i(G))nmt(n«gy(r) 1 ^ 3 ,i(«)(G)) is non-empty, we conclude that int{Cr ,i{G)) is contained 
in *'ut(n,;GV(r) ^3,i(i')(^))' follows that any x G int(Gr,i(G)) can be written as y-I- a;r,i(G) for 
y £ riuGVCr) *^3. 1(11) (^)- a;r,i(G) and x satisfy the linear conditions iTv^fix) = TTw,j{x)* above, y must 
satisfy these conditions as well. We conclude that y G Gr,i(G). □ 

By Gorollary 5.3, A(Gr,i(G)) is always a Gorenstein toric variety, so X{Fg,G) must be Gorenstein 
as well. This concludes the proof of Theorem 1.1. 

Remark 5.4. An identical argument to the one given in this section can be used to prove that Pn{G) 
is a Gorenstein variety for G connected and reductive, and n > 3. This follows from an analogous use 
of the toric degeneration from [Manl5], whose existence is also proved in [Manl5], and replacing the 
trivalent graph F with a trivalent tree T with n leaves. 
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Example 5.5. Continuing with the example G = SLm(C), we may choose i : C(r) — R{wo) to 
give the cone BZ^ of Berenstein-Zelevinksy triangles at each vertex of F. We orient all triangles so 
that if two triangles x, y meet along edges e, /, then these edges have opposite directions. In this 
case, X and y can be glued if their respective entries (ai,..., a2m-2) and (Ai,..., A2m-2) satisfy 
a- 2 i-i + 02i = A 2 (m-i )-3 + ^ 2 (m-i)- 2 - This Condition corresponds to requiring the sums of pairs which 
line up geometrically in the plane to be equal. We call the resulting object a;r G Cr,i(SLm(C)) = BZr^m 
a Berenstein-Zelevinksy quilt. Quilts can be thought of as a kind of combinatorial oriented surface dual 
to r. Acyclic pieces of two quilts, with corresponding dual weighted graphs, are depicted in Figure 3. 



Figure 3. Berenstein-Zelevinsky quilts (right) with their graphical representations 
(left). The element a;r(SL 3 (C)) is represented in the bottom row. 
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